Molecular dynamics simulation of a linear soft polymer has been performed and the free volume properties of the system have been analyzed in detail in terms of the Voronoi polyhedra of the monomers. It is found that there are only small density fluctuations present in the system. The local environment of the monomers is found to be rather spherical, even in comparison with liquids of atoms or small molecules. The monomers are found to be, on average, eight coordinated by their nearest geometric neighbors, including intra-chain and inter-chain ones. The packing of the monomers is found to be rather compact, in a configuration of 1900 monomers there are, on average, only three voids large enough to incorporate a spherical particle as large as a monomer, indicating that the density of the large vacancies in the system is considerably, i.e., by a few orders of magnitude lower than in molecular liquids corresponding to roughly the same reduced densities.
I. INTRODUCTION
Various important properties of polymeric systems have been widely studied by computer simulation methods in the past decades, due to their great interest both in fundamental and applied sciences. Among their numerous other interesting properties, simple disordered polymers are also thought to be mimetics of the interior of biological membranes, since the viscous outer part of the hydrocarbon phase of such membranes, characterized by strong correlation between the hydrocarbon chains, 1 are found to behave similar to soft polymers in many respects. 1, 2 This particular region of the biological membrane bilayers is found to play a key role in determining the permeability of the membrane, 2, 3 which is one of its major biological functions. In order to investigate the molecular level background of membrane permeation, we have performed detailed analyses on the distribution of the free volume in different parts of simulated membranes. 4 -7 However, any deep understanding of the key role played by the aforementioned membrane region in the permeation processes can be achieved by comparing the distribution of the free volume in its mimetic system, i.e., in a linear soft polymer, as a reference system.
In analyzing the free volume distribution in a disordered system the method of the Voronoi polyhedra ͑VP͒ 8 is an excellent tool. 9 In a system of particles ͑points͒ the Voronoi cell is the region of space every point of which is closer to a given particle than to any other one. For systems of points or particles of equal radii the Voronoi cell is a convex polyhedron, whereas the set of these polyhedra form a tessellation, i.e., cover the space without voids and overlapping. Since the Voronoi polyhedra is that part of the space which belongs to its central particle rather than to any other one, its volume is a measure of the volume available for the central particle. Conversely, the reciprocal of the VP volume characterizes the local density around this particle. The surface of the VP consists of polygonal faces, every point of which is equally far from two particles ͑i.e., from the central particle and another one͒, and is farther from any other particles than from these two. This property of the VP allows a purely geometrical definition of the neighbors, i.e., two particles are neighbors if their VP share a common face. Thus, the number of the VP faces provides information on the number of geometric neighbors of the central particle, whereas the area of a face is related to the distance of the corresponding neighbor ͑i.e., closer neighbors share, in general, larger VP faces͒. Furthermore, the shape of the VP can characterize the local environment of its central particle. The VP edges are assemblies of points located equally far from three particles, whereas VP vertices are points located equally far from four particles ͑including the central one͒, and are farther from all the other particles than from these three or four, respectively. Therefore, the function defined on the points of the space as the distance from the nearest particle is at local maxima at the positions of the VP vertices, and hence the VP vertices are the geometric centers of the largest vacancies present in the system. Moreover, the VP edges represent the fairways of the empty space between two VP vertices. Therefore, the empty space between the particles can be mapped by determining the VP edges and vertices in any system of disordered points.
The Voronoi polyhedra analysis has numerous applications in characterizing the local structure of various disordered systems, such as systems of hard [10] [11] [12] [13] and LennardJones spheres, 14 -18 liquid metals, 19,20 molten 21, 22 and hydrated 23 salts, water at ambient conditions, 24 -27 in supercooled 26, 28 and stretched states 28 as well as at the vicinity of the critical point, 29, 30 other hydrogen bonding liquids, 27 grafted polymers, 31 lipid membranes, 6, 7, 32, 33 etc. However, the use of the VP method is not limited to the field of condensed matter physics: from biophysics 34 -39 to astrophysics [40] [41] [42] and from physiology 43, 44 to bioinformatics [45] [46] [47] it has numerous applications. The aim of the present paper is to analyze the distribution of the free volume in a system of linear soft polymers, in order to establish a reference system for the free volume analysis of biological membrane bilayers, in which the central part is also built up by linear hydrocarbon chains, and thought to behave, in many respects, similar to soft polymers.
1,2 The paper is organized as follows: In Sec. II details of the computer simulation performed as well as of the Voronoi analysis are given. The results are discussed in detail in Sec. III, whereas in Sec. IV some conclusions are drawn.
II. DETAILS OF THE CALCULATIONS

A. Computer simulations
The systems of polymer has been simulated by means of molecular dynamics, using the coarse-grained model developed by Grest and Kremer. 48 In this model, groups of atoms are represented in an effective way by the fundamental unit of the model, called effective monomer. Effective monomers interact via a shifted Lennard-Jones potential
0 otherwise,
͑1͒
which models two kinds of interaction between monomers: the core part of the potential represents the excluded volume interaction, while the absence of an attractive part takes care of the hydrophilic nature of the monomers in an effective way. The Lennard-Jones radius and energy ⑀ have been regarded as units for the distance and energy, respectively. The connectivity of the chain is implemented by the addition of another interaction, namely, the FENE ͑finitely extended nonlinear elastic͒ potential 48 U
where k measures the magnitude of the interaction and R 0 is the maximum elongation distance. This potential is applied between consecutive pairs of monomers in the chain, and prevents the crossing of the chain by keeping the monomers bounded at a distance below the Lennard-Jones radius. The parameters k and R 0 have been set to 30⑀/ 2 and 1.5, respectively.
In order to better reproduce the interaction of the solvent with the monomers, a stochastic force and a viscous term have been added to the equation of motion of the ith monomer, which eventually reads as
where U i is the energy of the monomer due to the LennardJones and FENE potentials discussed above, Ϫm⌫ṙ i is the friction force ͓⌫ϭ0.5 Ϫ1 (⑀/m) 1/2 ͔ and W is the stochastic force acting on the monomer. The latter has a Gaussian distribution with zero mean and variance
in accordance with the fluctuation-dissipation theorem. In this way, the system is coupled to a heat bath, the temperature of which has been set to Tϭ⑀/k B , where k B is the Boltzmann constant. The system simulated this way can be regarded as a model of any kind of linear polymer, due to the scale invariance of the properties of the system.
The integration of the equation of motion has been performed using a modified Verlet algorithm in order to treat the velocity dependent force. The time step used has been ⌬t ϭ0.006, where ϭ(m/⑀) 1/2 is the Lennard-Jones time unit. The system simulated consisted of 190 chains of ten monomers in a cubic simulation box, providing the monomeric number density of ϭ0.85
Ϫ3 . Periodic boundary conditions have been applied in all directions. To obtain the starting configuration a random placement algorithm has been used: starting from the first monomer in each chain, the monomers of all the chains have been put at a distance d ϭ0.98 from the previous one, corresponding roughly to the minimum position of the U LJ (r i )ϩU FENE (r) function, in a random direction. Once all the monomers have been placed, a run of 1000 steps has been performed, using a slowly growing potential instead of the Lennard-Jones to avoid too strong forces, as described by Grest and Kremer. 48 The system has been equilibrated by performing about 10 6 time steps, and has been considered as equilibrated when the mean square gyration radius of the chains is found to fluctuate around its average value. After the equilibration period 1000 configurations, separated by intervals of 100 time steps each, have been saved for the Voronoi analysis.
B. Determination of the Voronoi polyhedra
The construction of the Voronoi polyhedra has been performed by using the algorithm introduced by Ruocco, Sampoli, and Vallauri. 24 In the analysis, the Voronoi polyhedra of each monomer has been determined without using the information obtained in determining the VP of the other monomers. At the beginning of the calculation, the VP of a monomer is estimated by a tentative polyhedron, which is large enough to fully contain the real VP of the monomer. In order to ensure that this condition is always satisfied, we have used the entire basic simulation box centered on the given monomer as the starting tentative polyhedron. Then the tentative polyhedron is refined by the following procedure, using the other monomers in the system in the order of increasing distance from the central monomer. The orthogonal bisector plane of the segment joining the next monomer considered with the central one is determined. If this plane cuts the tentative polyhedron into two parts then the new tentative polyhedron is the part containing the central monomer, otherwise the old tentative polyhedron is retained. This procedure is repeated until the distance of the next monomer to be checked from the central one becomes at least twice as large as the distance of the farthest vertex of the tentative polyhedron from the central monomer. This algorithm provides a fast and virtually exact determination of the VP of the system, given that the monomers are in a general position ͑i.e., three of them are never lying along the same line, four of them are never lying in the same plane, and five of them are never lying on the surface of the same sphere͒. Although such special arrangements occur rather frequently in crystals, they have vanishingly small probabilities in disordered structures. In fact, we have not found any kind of such special arrangements in the entire analysis. In order to check the consistency of the calculations, we have computed the sum of the volumes of all the VP present in a configuration, and compared it with the total volume of the basic simulation cell. The two values have always agreed within the numerical accuracy of the calculation.
C. Calculated VP properties
In calculating the metric properties of a VP, such as its volume V, total surface area S, or the area A i of its faces, the vertices pertaining to the different faces have to be determined, and sorted according to their sequence along the perimeter of the face. For this purpose, the list of the four monomers sharing a given vertex has been determined for each vertex. ͑It should be noted that, due to the general position of the particles, a vertex has never been shared by more than four monomers.͒ Two vertices pertain to the same face when their lists have at least two monomers in common ͑i.e., at least one besides the central monomer itself͒, and they follow each other along the perimeter of a face ͑i.e., represent the two endpoints of a VP edge͒ when their lists contain three common monomers. Once the sequence of the vertices has been determined along the perimeter of the VP faces, each face can be divided into elemental triangles, whereas the entire VP can be divided into elemental tetrahedra, the basic face of which are these elemental triangles, and the fourth vertex is always the central monomer. The volume of the VP can then be calculated as the sum of the volumes of these elemental tetrahedra
where indices i and j run over the faces of the VP and over the vertices of the ith face, respectively, N f is the number of faces of the polyhedron, n v (i) is the number of vertices pertaining to the ith face, and r 1 (i) , r j (i) , and r jϩ1 (i) denote the position vectors of the first, jth, and ( jϩ1)th vertex of the ith face, respectively. Similarly, the area of the ith face can be calculated as the sum of the area of the elemental triangles this face is divided into
whereas the total surface area of the polyhedron is simply the sum of the area of its faces,
In order to characterize the shape of a VP by one single parameter, we have calculated the asphericity parameter , 
͑8͒
This parameter quantifies how different the shape of the VP is from a perfect sphere. For spheres, the parameter is exactly 1, whereas for less spherical objects it has larger values. For instance, the values of a truncated octahedron, rhombic dodecahedron, cube, and a perfect tetrahedron are 1.33, 1.35, 1.91, and 3.31, respectively. Due to the compact information it contains on the shape of the VP and the simplicity of its calculation, the asphericity parameter has been used in a number of studies. 24 -28,30 Besides the metric properties of the VP, their topological characteristics can also provide useful information on the local environment of the particles. It should be noted, however, that there are two relations between the number of faces, edges, and vertices of a VP ͑denoted as N f , N e , and N v , respectively͒, and hence only one of these parameters is independent. The first relation is the Euler formula for polyhedra
whereas the other relation comes from the general position of the monomers, implying that each vertex is the intersection of exactly three faces, and hence that of exactly three edges, whereas each edge connects exactly two vertices
Combining Eqs. ͑9͒ and ͑10͒ the number of edges and vertices can be expressed in terms of N f as
and
Besides the number of faces, we use the number of vertices pertaining to a given face n v to characterize the topology of the VP in the present study.
Since in the present investigation we aim to establish a reference system for subsequent studies on the distribution of voids in lipid bilayers, the vacancies present in the system are also examined. Here we characterize the existing vacancies by their radius R. Since the centers of the largest possible vacancies present in the system are the vertices of the VP as pointed out by Baranyai and Ruff, 21 the radius of a vacancy can simply be given as the distance of the corresponding VP vertex from any of the four monomers sharing it.
III. RESULTS AND DISCUSSION
The distributions of the volume V, surface area S, asphericity parameter , area A of the individual faces, number of faces N f , and number of vertices pertaining to a given face n v of the Voronoi polyhedra as well as of the radius R of the vacancies present in the system simulated are shown in Figs. 1-7, respectively. As is apparent from the figures, all the analyzed characteristics, with the exception of A, follow Gaussian-type distributions. However, these distributions are not perfectly Gaussian, as they decay to zero noticeably slower on the side of the high values than on that of the low values of the main peak. Consistently, the maximum is located at slightly, by about 1%-2%, lower values than the mean value. ͓The maximum of the P(V), P(S), P(), and P(R) distributions is located at 1.15 3 , 6.12 2 , 1.50, and 0.80, respectively, whereas the mean value of these distributions is found to be 1.18 3 , 6.19 2 , 1.51, and 0.82, respectively.͔ For comparisons, the Gaussian function fitted to the obtained P(V) distribution is also shown in Fig. 1 .
The Gaussian character of these distribution functions, in particular, that of P(V) indicates the lack of large density fluctuations in the system. As it has been pointed out by Zaninetti, the volume distribution of the VP of uniformly distributed points is a Gaussian function, whereas the appearance of density fluctuations in the system distorts this distribution to a lognormal one, as a tail of exponential decay develops on the large volume side of its peak. 42 Such exponential decay of P(V) at large volumes has indeed been observed several times in the analyses of systems exhibiting large density fluctuations. 27, 28 Thus, the slight deviation of the obtained distribution functions from the Gaussian shape can be explained by the small-scale density fluctuations present in the system.
Contrary to the Gaussian-type distributions of the other properties investigated, the P(A) distribution is bimodal, having a sharp peak at zero and another low and broad peak at about 0.55 2 ͑see Fig. 4͒ . This bimodal shape of P(A) is rather typical for disordered systems. The first, sharp peak at zero comes from the large number of tiny faces of the VP shared with distant geometric neighbors. In a perfect crystal, these tiny faces of the VP are absent, as the vertices pertaining to such tiny faces converge to one single point. Thus, the presence of this trivial peak of P(A) at zero simply reflects the thermal disorder of the particles. On the other hand, the second peak is due to the nearest neighbors of the monomers. The integration of this peak from the position of the minimum at 0. 33 2 between the two peaks shows that 54% of the VP faces give contribution to this peak. Considering also that a VP has, on average, 14.9 faces, it comes that, on average, each monomer has eight nearest neighbors sharing a large face with. Hence, this second peak of the P(A) distribution is not solely due to the neighboring monomers following each other in the sequence of a polymeric chain, but to the nearest interchain neighbors, as well. The results also show that the monomers are, on average, eight coordinated by their nearest geometric neighbors. In analyzing the average local environment of the molecules the P() distribution ͑Fig. 3͒ is of great importance. This distribution is rather narrow, being noticeably different from zero only in the interval between about 1.3 and 1.8.
The maximum of the distribution appears at 1.50, slightly below its mean value of 1.51, as well as below the value of 1.53 corresponding to the most probable value of the volume and surface area of the VP ͓i.e., the peak position of P(V) and P(S) of 1.15 3 and 6.12 2 , respectively; see Eq. ͑8͔͒. These values are considerably lower than the average asphericity of the VP in small molecular liquids, such as H 2 S, 30 hydrogen fluoride, methanol, or water, 27 even if water is above its critical point. 30 ͓The mean value of resulted in 1.74 both in liquid methanol and HF, 27 in which the P() distribution was found to extend up to about 2.2, 1.58 in liquid H 2 S, 30 and between 1.58 and 1.66 in water in thermodynamic states ranging from ambient conditions up to the critical point. 30 ͔ On the other hand, the local environment of the atoms in liquid argon was found to be even more spherical, being ϭ1.44. 27 Nevertheless, the local environment of the monomers in the polymer investigated here is found to be remarkably spherical, considering that the monomers have two close neighbors along the polymeric chain, a fact that could, in principle, largely distort the sphericity of their local environment.
The rather spherical environment of the monomers is accompanied by a compact packing of them in the system. Thus, the peak position of the vacancy radius distribution P(R) ͑Fig. 7͒ corresponds to voids that can incorporate spherical particles the volume of which is not larger than 12% of the volume of a monomer. In further analyzing this point, we have determined the fraction of vacancies that are able to incorporate a spherical particle of the size of a monomer ͑i.e., having a diameter of ͒, as well as of particles of various smaller sizes. Considering the fact that the center of a given void is at a distance of R from the center of the closest monomers, and estimating the monomer diameter as , the volume of the largest spherical particle that can be incorporated in the vacancy is
as the distance of the void center from the surface of the monomer is (RϪ0.5). Thus, using Eq. ͑13͒ and integrating the P(R) distribution function we have obtained that only 57%, 16%, 6%, 2%, 1%, and 0.025% of the vacancies present in the system can incorporate a spherical particle of the size of 0. Using Eq. ͑12͒ and considering that, due to the general position of the monomers, each VP vertex is shared by four polyhedra, the average number of vacancies ͑VP vertices͒ N vac in the system can be estimated as
where N is the number of monomers, and ͗N f ͘ is the mean value of the number of VP faces, resulted in 14.9. Using Eq. ͑15͒, the average number of vacancies in a configuration turns out to be 12 300, and hence the average number of vacancies large enough to incorporate a spherical particle of the size of 0. responding to the reduced density values of 1.13 Ϫ3 , 0.98 Ϫ3 , 0.64 Ϫ3 , and 83 Ϫ3 , respectively. 27 The distributions of the topological properties of the VP ͑Figs. 5 and 6͒ show that the largest fraction of the VP has 15 faces, and the majority of the faces are quadrangles, pentagons, or hexagons. Both the P(N f ) and P(n v ) distributions are rather narrow, their integration reveals that 64% of the VP has faces between 14 and 16, and 98% of them between 11 and 18, whereas 96% of the faces has 3-8 vertices ͑10%, 22%, 29%, 24%, and 11% of them are triangles, quadrangles, pentagons, hexagons, and heptagons, respectively͒. The observed distributions of the topological VP properties are rather similar to those obtained for various atomic and molecular liquids. Thus, for instance, the mean value of N f is resulted in 14.9, in a good agreement with the value observed in nonhydrogen bonding liquids ͑i.e., 14.5 in liquid argon, 27 15 .0 in liquid H 2 S 30 ͒, and do not deviate considerably from the results obtained for various hydrogen bonding molecular liquids, ranging between 15.1 and 16.4. 27, 30 Moreover, the mean value of n v , resulted in 5.19 in the present study, agrees excellently with the values obtained for molecular or atomic liquids, as its value has always been found to be between 5.17 and 5.23 in our previous studies. 27, 30 This finding is in accordance with our previous conclusions that the distributions of the topological properties of the VP in disordered phases are rather insensitive to the composition as well as of the thermodynamic state of the system. 27, 30 
IV. SUMMARY AND CONCLUSIONS
In this paper we have presented a detailed investigation of the properties of free volume in a simulated linear soft polymer by analyzing the characteristics of the Voronoi polyhedra of the monomers. This study can be the starting point of similar subsequent analyses to be performed in the apolar part of phospholipid membranes. We have found that the distribution of the VP volumes deviates only slightly from a Gaussian function, indicating that there are only rather small density fluctuations present in the system. The local environment of the particles has been found to be rather spherical, even in comparison with that in atomic liquids or liquids of small molecules. 27, 30 The monomers are found to be, on average, eight coordinated by their nearest geometric neighbors, including the two neighbors in the sequence along the polymeric chain and another six interchain neighbors. The packing of the monomers has been found to be rather compact, as the density of the large vacancies is a few orders of magnitude lower than in molecular liquids of similar reduced densities. 27 This is illustrated by the fact that, on average, there are only three vacancies present in a configuration of 1900 monomers that are large enough to incorporate a spherical particle of the size of a monomer.
